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ABSTRACT
We explore the consequences of dynamical evolution of field binaries composed of
a primary black hole (BH) and a Wolf-Rayet (WR) star in the context of gravitational
wave (GW) source progenitors. We argue, from general considerations, that the spin
of the WR-descendent BH will be maximal in a significant number of cases due to
dynamical effects. In other cases, the spin should reflect the natal spin of the primary
BH which is currently theoretically unconstrained. We argue that the three currently
published LIGO systems (GW150914, GW151226, LVT151012) suggest that this spin
is small. The resultant effective spin distribution of gravitational wave sources should
thus be bi-model if this classic GW progenitor channel is indeed dominant. While
this is consistent with the LIGO detections thus far, it is in contrast to the three
best-measured high-mass x-ray binary (HMXB) systems. A comparison of the spin
distribution of HMXBs and GW sources should ultimately reveal whether or not these
systems arise from similar astrophysical channels.
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1 INTRODUCTION
In this brief note we follow the set up described in
(Kushnir et al. 2016a) for classical1 stellar-mass BH merger
to investigate the angular momentum evolution of the WR
star. We refer the reader to that paper for background in-
formation. Essential elements of that work are reproduced
here for ease of exposition, but detailed descriptions and
derivations can be found there for the interested reader.
We will show that under very general assumptions in
the classical scenario one expects a bimodal distribution for
the effective spin parameter measured by LIGO. In section
2 we review our basic set-up, in 3 we describe why these
assumptions lead to a few simple expectations regarding the
effective spin parameter distribution. In 4 we comment on
the published measurements and conclude.
⋆ E-mail: matiasz@ias.edu
1 here we use the classical scenario to mean the merger of stellar
mass black holes subsequent to the evolution of an isolated stellar
field binary as described in (Phinney 1991; Tutukov & Yungelson
1993; Belczynski et al. 2016)
2 ANGULAR MOMENTUM EVOLUTION OF
THE WR STAR IN A ‘CLASSIC’ SCENARIO
The classical scenario remains one of the likely chan-
nels for forming the binary systems observed by LIGO
(Abbott et al. 2016). In this picture, prior to the collapse
of the second BH, the progenitor system is an isolated stel-
lar field binary that is composed of a Wolf–Rayet (WR) star
with a mass M and the primary BH with a mass M/q, q
being defined as the mass ratio. In this brief note we follow
the set up described in Kushnir et al. (2016a) to investigate
the angular momentum evolution of the WR star. LIGO
observations provide a constraint on the component of the
angular momentum in the direction of the orbital angular
momentum through the measured parameter χeff:
χeff =
M1~a1 +M2~a2
M1 +M2
· ˆL (1)
(where ~a1 and ~a2 are the dimensionless BH spins, ~a =
c~S/GM2, and ˆL is the direction of orbital angular momen-
tum). χeff is constrained to the range −1 ≤ χeff ≤ 1. This
component of the angular momentum is the most relevant
for scenarios in which the spin is generated by tides or mass
transfer in a binary system and thus will provide an impor-
tant probe of these formation mechanisms. We assume that
the final angular momentum of the star provides a good es-
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timate for the angular momentum of the secondary BH. In
what follows we will ignore corrections due to mass and an-
gular momentum loss during the explosion that result in the
formation of the BH. These are expected to be small.
The angular momentum evolution of the WR star is de-
termined by two competing process. Stellar winds decrease
the angular momentum of the star while torque applied to
the star by the primary BH increases the angular momen-
tum, driving it towards synchronization. We now investigate
the impact of each of these processes on the total angular
momentum evolution.
For an initial orbital semi major axis, d, we can nor-
malize the dimensionless spin of the star, a, to the orbital
angular velocity, ω =
√
G(M+M/q)/d3 :
a =
cJ
GM2
=
cr2gR2
GM
(
1+q
2q
)1/2(2GM
d3
)1/2 Ω
ω
≡ async
Ω
ω
, (2)
where r2g is the (dimensionless) radius of gyration of the star
related to the moment of inertia by I = r2gR2M and Ω is
the angular spin velocity of the star. For synchronization
between the stellar spin and the orbit (Ω = ω), we define
a = async.
The torque (τ) applied to a star in a binary system was
first calculated by Zahn (1975). We use the expression for
the torque described in Kushnir (2016b) which leads to a
simple dynamical equation for the spin:
a˙ =
c
GM2
τ ≡
async
tτ
∣∣∣∣1− aasync
∣∣∣∣
8/3
. (3)
The relevant time-scale depends on the profile of the star,
but can be approximated by:
tτ ≈ 107q−1/8
(
1+q
2q
)31/24( tmerge
1Gyr
)17/8
yr. (4)
We have introduced the merger time due to gravitational
wave emission, tmerge which depends in a simple way on
the initial orbital properties and component masses (Peters
1964):
tmerge =
5
512
c5
G3M3
2q2
1+q
d4. (5)
It is important to note that tτ is a very strong function of
distance, tτ ∝ d17/2.
Competing against the tidal torque is the loss of an-
gular momentum resulting from mass-loss. Mass-loss from
WR stars is complicated theoretically and observationally,
thus the estimated rates are highly uncertain. As in Kushnir
(2016b) we incorporate this effect by modifying the equation
of a as:
a˙ =
async
tτ
(
1− a
async
)8/3
−
a
twind
, (6)
only valid for a < async. We will take twind in the range 105
to 106 yrs to be a reasonable estimate but we note that our
conclusions are robust to this choice. We will integrate this
equation until the end of the life of the WR star, which we
take to be tWR ≈ 3×105 yrs.
M dτ dmerge
10 M⊙ 7 R⊙ 19 R⊙
20 M⊙ 12 R⊙ 32 R⊙
30 M⊙ 16 R⊙ 44 R⊙
Table 1. Separations corresponding to tτ = 3× 105 yrs (dτ ) and
tmerge = 1010 yrs (dmerge) for binaries composed of a WR and a
BH of equal mass (M).
Figure 1. Timescales as a function of separation for binaries
composed of a WR and a BH of equal mass. Two examples are
shown M = 10 M⊙ and M = 30 M⊙.
3 SIMPLE EXPECTATIONS
In this section we will describe some of the consequences of
the simple formulae described above.
Timescales: There are two important distance scales in the
problem. The first one, dmerge, will be defined as the distance
that corresponds to a merger time equal to a Hubble time
tH , ie. tmerge ∼ 1010 yrs. For separations larger than this, the
binary does not have enough time to merge in the lifetime
of the universe. The other important distance, dτ , will be
defined as the distance that corresponds to tτ ∼ tWR (the
Wolf-Rayet lifetime), inside of which torques are important
and synchronize the binary and outside of which torques are
irrelevant.
There are two points to note: first although dτ < dmerge
they are of comparable magnitude. We give some represen-
tative numbers in Table 1 for systems of different masses.
The second point, evident in Figure 1 is that both tmerge
and tτ are very strong functions of separation (tmerge ∝ d4
and tτ ∝ d17/2). In particular this implies that the transition
between tτ << tW R and tτ >> tWR occurs over a very small
range of separations. Furthermore, because of the steep de-
pendence, the fact that the locations where tidal torques are
important is comparable to the distance required for the bi-
nary to merge in a Hubble time is relatively insensitive to
the details.
Possible separations Let us assume that the distance be-
tween the WR star and the BH is set by the details of late-
MNRAS 000, 1–?? (2017)
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Figure 2. Spin parameter of the WR star at synchronized ro-
tation (async) as a function of separation for binaries of equal
masses M = 10 M⊙ or M = 30 M⊙. It follows a simple scaling, async ∝
d−3/2 (equation 2). In making this figure we used rg = 0.075 and
log10(R/R⊙) =−0.70+0.71log10(M/M⊙) (Kushnir et al. 2016a).
stage massive star evolution. In that case neither dmerge nor
dτ are distances relevant for the dynamics as the stellar evo-
lution happens on very short timescales compared to tτ and
tmerge. In all examples in Table 1 dmerge and dτ are within
a factor of three of each other. Given how close those dis-
tances are, one might expect a similar rate of occurrence of
binaries on both sides of the line given by d = dτ .
Spin when tidally locked: There is another interesting
point which is illustrated by Figure 2. Over most of the
range where tides are important, a tidally locked WR star
would have angular momentum in excess of that of a maxi-
mally rotating BH of that mass. Thus one would expect that
any WR-BH binary with separations d < dτ would lead to a
maximally spinning secondary black hole.
Spin at large separations: When the separation of the
binary is d > dτ the final spin of the WR before collapse
a(tWR) just reflects the initial spin suppressed by the losses
induced due to the wind or any other angular momen-
tum loss-mechanism. In our simple model a(tWR,d >> dτ ) =
e−tWR/twindainitial . If this already corresponds to a >> 1 then
both at large and small binary separations the secondary
BH will have nearly maximal spin. At large separations the
distribution of spins will be a direct result of the initial con-
ditions while at small separations the spin of the secondary
BH will be aligned with the orbital spin and be close to
maximal. Observations by LIGO already imply that not all
BH are rapidly spinning at birth (at least in the direction
of the angular momentum of the orbit) so in what follows
we will assume that the spin at birth is small compared to
one. In that limit our conclusions are not sensitive to the
distribution of initial spins.
To illustrate the key effects we solve equation (6) for
a few representative examples. We assume that in the ab-
sence of tidal torquing, the spin of the WR is sufficiently
slow that only dynamical (rather than natal) effects are “in
play”. To illustrate the dependence on other parameters we
will fix ainitial = 0. This choice will make the spin go to zero
Figure 3. Spin at the end of the lifetime of the WR star as a
function of separation a(tWR,d) for binaries with equal mass WR
and BH of either M = 10 M⊙ or M = 30 M⊙. The initial condition
of the spin was set to ainitial = 0. We show two representative ex-
amples for twind = 105, 106 yrs and perhaps a more extreme choice
twind = 104 yrs.
at large separations, if the initial birth spin is non-zero then
the result would asymptote to e−tWR/twindainitial . We show
a(tWR,d) in Figure 3 where we show the separation in units
of dτ . When the final spin exceeds a= 1 we will assume that
the BH that forms will have maximal spin. The two cases
shown, M = 10 M⊙ and M = 30 M⊙ are very similar, with
relatively fast transition between a non-spinning secondary
BH and a maximally rotating secondary. Although the exact
location of the transition depends on twind the dependence
is rather minor, reflecting the steep dependence of tτ with
separation. In the region of parameters where twind << tτ at
late times the system will equilibrate to async/(1+ tτ/twind).
Because we are taking twind and tWR to be similar and
we define dτ as the place where tτ = tWR this is close to
async. Quickly, as one moves to smaller d, tτ << twind so
async/(1+ tτ/twind)→ async. For the cases considered here,
this effect only changes the details of the transition region
but if we chose a significantly smaller twind it will make some
difference over a moderate range of d as the longer the wind
operates over the lifetime of the WR, the larger the proba-
bility of finding a slowly spinning secondary BH.
4 DISCUSSION
The main conclusion of this note is that in the classical iso-
lated field-binary scenario the spin distribution of the sec-
ondary BH should be bimodal. At small separations tidal
torques spin up the secondary BH to the maximal value.
Due to the steep dependence with separation, the transi-
tion is rather abrupt as a function of separation. If the ini-
tial spins are small then one expects the gravitational wave
sources to have a bimodal distribution of effective spins. In
this case, the fraction of secondary BH with maximal spin
should be comparable to those spinning slowly.
As an illustration we consider the case in which the
birth spins are small and the initial separations of the binary
are distributed either uniformly in separation or uniformly
in log-separation. The resulting distributions are shown in
MNRAS 000, 1–?? (2017)
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Figure 4. Distributions of χeff for a pair of M = 30 M⊙ BHs under
the assumption that the birth spins are negligible and that the
initial separation is uniform (green) or uniform in log-separation
(black) with a minimum separation given by the radius of the
star and and a maximum given by dmerge. χe f f (M1 +M2)/M2 is
constrained to be between zero and one in the scenario where
the primary BH has negligible spin. This range was divided into
30 equal size bins and the expected fraction of systems in each
bin is shown. The results for a pair of M = 10 M⊙ BHs are very
similar and not shown here. We also show the measurements from
the reported LIGO events. We take the measured χeff and mass
ratio q with their reported 90% credible intervals to compute the
allowed range for χeff(M1 +M2)/M2. For simplicity we added both
errors in quadrature. The possible range of observed values for
χeff(M1 +M2)/M2 is indicated by red dots for each event. This
range is bounded by the case both BHs are maximally spinning
in the same direction.
Figure 4. We have normalized χeff by the predicted maxi-
mal value in this scenario – M2/(M1 +M2), achieved when
the secondary BH is maximally spinning but the primary
has negligible spin. The bimodal nature of the distribution
is readily apparent. Of course, the details of the distribu-
tion depend on the distribution of the initial separations,
the initial distribution of natal spins (assumed as negligible
in Figure 4), the mass ratio, spin-orbit alignment, wind ef-
ficiency, etc. But the robust conclusion is that the fraction
of systems with maximally spinning BH secondaries will be
similar to that with slowly spinning secondaries, leading to
two clear peaks in the χeff distribution.
Note that if the primary black hole is maximally spin-
ning while the secondary has negligible spin the value of
χeff/(M2/(M1 +M2)) would be 1/q. If both BH have maxi-
mal spin we would have χeff/(M2/(M1 +M2)) = (1+ q)/q, a
value we illustrate with red dots in figure 4.
Let us now discuss the published LIGO events
(Abbott et al. 2016) in the context of what we have derived
in the previous section.
GW150914 The first LIGO event was characterized by
M1/M⊙ = 36.2+5.2−3.8 and M2/M⊙ = 29.1
+3.7
−4.4. No spin in the
orbital-spin direction was detected, χeff = 0.06+0.14−0.14. For this
system, dmerge ∼ 40 R⊙ and dτ ∼ 15 R⊙. If we take the lack
of spin to mean that the separation is larger than dτ we con-
clude that 15 R⊙ < d < 40 R⊙. The minimum separation also
implies a minimum tmerge > 1×108yrs, already reported in
(Kushnir et al. 2016a). The lack of spin also implies that the
WR descendent BH was not spinning fast at birth and that
the primary BH was not maximally spinning.
GW151226 The second LIGO event was characterized by
M1/M⊙ = 14.2+8.3−3.7 and M2/M⊙ = 7.5
+2.3
−2.3. In this case a spin in
the direction of the orbit was clearly detected χeff = 0.21+0.2−0.1.
For this system dmerge ∼ 17 R⊙ and dτ ∼ 7 R⊙. If we assume
that the measured spin reflects the spin of the secondary BH
acquired as we have discussed, we can conclude that in this
case d < 7 R⊙ which would imply that tmerge < 2×108yrs. In
this case the secondary black hole would be maximally spin-
ning which would lead to a predicted χeff ∼ 7/(14+7)∼ 0.33,
which is consistent with the observed value. We have as-
sumed that the lowest mass BH is the secondary BH, oth-
erwise χeff ∼ 14/(14+7) ∼ 0.66 which is in tension with the
data. Indeed, as in GW150914, the primary BH cannot be
close to maximally spinning in this picture (modulo severe
spin-orbit mis-alignment).
LVT151012 This event is considered less significant so
less weight should be given to it, however we compute the
relevant scales for completeness. This system is character-
ized by M1/M⊙ = 23.2+18−6 and M2/M⊙ = 13
+4
−5 and, as in
GW150914, no spin was detected, χeff = 0.0+0.3−0.2. For this
system dmerge ∼ 19 R⊙ and dτ ∼ 7 R⊙. These results are
consistent with having both BHs with negligible spin but
inconsistent with both BHs maximally spinning. They are
also inconsistent with a case where the heaviest black hole
is maximally spinning, although the data is marginally con-
sistent with the smallest mass black hole being maximally
spinning. At face value, if none of the BHs are maximally
spinning we infer for this system tmerge > 2×108yrs.
Other BH Spins In the isolated field binary scenario, we
have established that there is a sharp transition in orbital
separation such that for small separations the secondary
black hole is maximally spinning while otherwise it just re-
tains the memory of its initial spin (modified by the loss of
angular momentum due to the wind). This appears consis-
tent with the LIGO data so far assuming that the initial
spin of the WR star is small and if the primary black hole
is also not spinning rapidly. How do we reconcile these con-
clusions with the reported (high) spins of High-mass X-ray
Binaries (HMXBs), thought to be a snapshot of the pre-
merger phase of this scenario? Indeed, the HMXBs such as
Cyg X-1, LMC X-1 and M33 X-7 all have high and precisely
measured spins, however, there remains some uncertainty
in these measurements regarding the spin-orbit alignment
(McClintock et al. 2014). As we have shown, a primary BH
that is maximally spinning in the direction of the orbit is
clearly in contradiction with the first LIGO event where no
spin was detected.
The expectations of our simple model as well as the
existing measurements of spins in HMXBs make it very in-
teresting to use LIGO data to determine if the BH have
maximal spin. Existing data is already able to shed some
light on this question. As more data from LIGO becomes
available, our simple expectation about distribution of χeff
will be easily tested and thereby shed light on the formation
the channel for the sources of gravitational waves.
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